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Studying the performance of multisensor tracking systems

against maneuvering targets involves Monte Carlo simulations with

the tracking algorithms implemented in a sophisticated computer

simulation of the multisensor system. However, a simplified method

for predicting the performance of a multisensor tracking system

against maneuvering targets is needed for confirmation of the com-

puter simulations, real-time command and control decisions such as

multisensor resource allocation, and systems engineering of complex

multisensor systems. The challenge of accurate performance predic-

tion arises from the lack of covariance consistency of the Kalman

filter when tracking maneuvering targets. In this paper, a method

for performance prediction of a nearly constant velocity Kalman

filter is extended to tracking a maneuvering target with multiple

dispersed sensors on an oblate earth. Given target position and ac-

celeration as a function of time, the tracking performance of each

sensor is expressed as a sensor-noise only (SNO) covariance and ma-

neuver lag or filter bias. In the fusion of the data from the multiple

sensors, the SNO covariances fuse for a smaller covariance, while

the maneuver lags fuse with a gain proportional to the inverse of

the covariances for the sensor tracks. This method can also be used

to predict the performance of a multisensor system that include

one, two, and/or three dimensional sensors. The results of Monte

Carlo simulations of multisensor tracking of a maneuvering tar-

get are used to illustrate the accuracy of methods for performance

prediction.
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1. INTRODUCTION

Studying the performance of multisensor tracking

systems against maneuvering targets involves Monte
Carlo simulations with the tracking algorithms im-

plemented in a sophisticated computer simulation of
the multisensor system [2], [1]. However, a simplified

method for predicting the performance of a multisensor
tracking system against maneuvering targets is needed

to confirm the results of computer simulations, real-time
command and control decisions such as multisensor re-

source allocation, and engineering of complex multisen-
sor systems [3].
When reviewing current approaches to performance

prediction, four traits are helpful in distinguishing the
relative advantages between the approaches listed in the

literature survey and the work presented in this paper.
The first two traits deal with the ability to predict perfor-

mance of multisensor or multitarget tracking algorithms.
Most of the current approaches to performance predic-

tion typically deal with a single sensor and single target.
In addition, while some algorithms deal with either the

multisensor or multitarget case, no work has been iden-
tified that is capable of handling both the performance

prediction of multisensor and multitarget tracking algo-
rithms. The third trait is ability to predict performance

of a defined scenario. While some performance predic-
tion techniques express an expected performance based

on sensor parameters, none extend well to maneuvering
target scenarios since deterministic changes in motion

are not considered. Finally, the fourth trait to be consid-
ered is algorithm complexity. Engineering of complex

systems often involves extensive parametric variability
for which, traits three and four are critical. Algorithm

scenario dependence and simplicity yield a high level
of confidence when comparing against more compli-

cated simulated algorithms. In this work, we present a
simple to compute algorithm that accounts for scenario

laydowns and can be extended to multiple sensors while
assuming measurement sharing on a single maneuvering

target.
Cramer-Rao Bound (CRB) techniques are one of

the basic tools for estimating performance. However,
these techniques were originally designed for estimat-

ing deterministic parameters. More appropriate for the
performance prediction of tracking systems, the Poste-
rior Cramer-Rao Bound (PCRB) extends the CRB to

provide a “measure” of system performance when both
measurements and state are assumed to be stochastic

processes [5], [4]. The work of [6] extends the PCRB
to handle the prediction of multitarget systems under

a set of assumptions. In addition, the work of [7] ex-
tends the PCRB to handle the prediction of an estimator

for a single maneuvering target. However, none of the
papers dedicated to an extension of the PCRB include

comparisons to Monte Carlo simulations from a realis-
tic tracker. Thus, the usefulness of each algorithm as it

pertains to the performance of a multitarget tracker in a
given scenario is not known.
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A particular method of performance prediction that

compares well to Monte Carlo simulations is the hy-

brid conditional averaging (HYCA) technique [8]. The

unique feature of this algorithm is that it allows for the

performance prediction of algorithms where the uncer-

tainties involved are both continuous and discrete. Such

is the case for the interacting multiple model (IMM) al-

gorithm, where a HYCA technique specifically tailored

for performance prediction of an IMM estimator [9].

While methods based on HYCA compare well to Monte

Carlo simulations, the calculations are quite complex.

In addition, the existing methods typically only apply

to single sensor and single target scenarios.

One extension of the HYCA technique to multi-

sensor multitarget applications is given in [10] where,

the Joint Probabilistic Data Association (JPDA) algo-

rithm is of interest. Specifically, two implementations

of the algorithm, sequential and parallel, are compared

through the use of performance prediction. Though the

JPDA algorithm is specifically tailored for multitarget

applications, the performance prediction technique in

[10] was not extended to multiple targets. Finally, the

work in [11] can be extended to multiple sensors but

not for multiple targets [12].

Most of the current research in performance predic-

tion with respect to target tracking does not take into

account multisensor or multi-target tracking scenarios.

PCRB methods do not take into account specific sce-

narios (they average over an ensemble), and therefore

cannot be compared to Monte Carlo simulations. Some

techniques such as HYCA compare very well to Monte

Carlo simulations, but the calculations are quite com-

plex and have not been extended to multiple targets. In

this paper, a multisensor performance prediction tech-

nique for a single maneuvering target that is easy to

compute and compares very well with Monte Carlo

simulations is developed. Therefore, even though the

multitarget case is currently not considered, the method

presented in this paper has unique advantages in the

aggregate when compared to other methods of perfor-

mance prediction. Future work will include extensions

to multisensor and multitarget scenarios.

The challenge of accurate performance prediction

arises from the lack of covariance consistency of the

Kalman filter when tracking maneuvering targets. For

single sensor tracking of maneuvering targets, the lack

of covariance consistency is addressed through the use

of steady-state filter analysis to decompose the perfor-

mance characterization into a sensor noise only (SNO)

covariance and maneuver lag or filter bias [15], [20],

[16]. Thus, given the sensor location, the position and

acceleration as a function of time, the parameters for

the sensor measurement errors, and the process noise

covariance assumed by the filter, the root mean square

error (RMSE) in both position and velocity as a func-

tion of time can be predicted for a nearly constant

velocity Kalman filter. Since the typical variances of

the measurement errors in each coordinate are constant

or vary slowly, and an alpha-beta filter characterizes

Kalman filtering under steady state conditions, the al-

pha beta filter equations can be used to approximate

the tracking performance of each coordinate of the sen-

sor. The SNO covariance and the maneuver lags are

generated in each of the sensor coordinates separately

as the measurement errors tend to be independent be-

tween coordinates [16]. The maneuver lag represents

the component of the state estimate error due to a deter-

ministic target maneuver and is assumed constant for

a certain time [20]. The SNO covariance represents

the stochastic part of the state estimate error due to

measurement noise. For each coordinate, typical val-

ues of the measurement variance in the corresponding

Cartesian coordinate, measurement rate, and the pro-

cess noise variance of the track filter are used to select

the filter gains for an alpha-beta filter, and the SNO

covariance and maneuver lag are computed from the

gains. Given the SNO covariances and the maneuver

lags for all three coordinates, the full track covariance

matrix and bias vector can be generated in sensor coor-

dinates, and those can be transformed to any coordinate

system.

This method for performance prediction can be ex-

tended to nearly constant velocity track filtering with

multiple dispersed sensors on an oblate earth. A sim-

ilar method was utilized in [17] without a rigorous

presentation. As in the case of single sensor track-

ing, the challenge of accurate performance prediction

arises from the lack of covariance consistency in the

nearly constant velocity Kalman filter. However, mul-

tiple sensor frames exist in this case and the tech-

nique in [17] must be extended to address this differ-

ence. This paper presents a rigorous and detailed de-

velopment of a method for predicting the performance

of nearly constant velocity tracking of a single ma-

neuvering target with multiple sensors in the absence

of data association errors. Thus, the predicted perfor-

mance represents a lower bound for the track errors for

nearly constant velocity tracking. The computed SNO

covariance and maneuver lags for each sensor used in

the equations for the fusion of multiple independent

tracks to characterize the fused SNO covariance and

maneuver lag. The prediction methods implemented by

these equations constitute the significant contribution

of this work. In the fusion of the multisensor data, the

SNO covariances fuse for a smaller covariance, while

the maneuver lags fuse with a gain proportional to

the inverse of the covariances for the bias in the sen-

sor tracks. This method can also be used to predict

the performance of a multisensor system that include

one, two, and/or three dimensional sensors as long as

a combination of the sensors provide observability of

all three coordinates. The predicted performance repre-

sents that of a multisensor tracking system that shares

associated measurement reports between sensors and

uses nearly constant velocity Kalman filtering for state

estimation.
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This paper is organized as follows. Background in-

formation is given in Section 2 to familiarize the reader

with the notation and techniques that serve as the foun-

dation for the methods developed. Least squares estima-

tion, Kalman filtering, alpha-beta filtering, performance

prediction of alpha-beta filters, and track fusion are re-

viewed briefly. In Section 3, Monte Carlo simulation

results involving the nearly constant velocity tracking of

a maneuvering target are given to illustrate the perfor-

mance prediction for a single sensor tracking a maneu-

vering target. In Section 4, the techniques are expanded

to the performance prediction of multisensor tracking of

a single maneuvering target. The results of Monte Carlo

simulations for multisensor tracking of a maneuvering

target are shown in Section 5 to verify the methods for

performance prediction. Concluding remarks are given

in Section 6.

2. BACKGROUND

2.1. Least Squares Estimation

Linear least squares estimation is a mathematical

technique for parameter estimation that attempts to find

the best linear fit to a set of data, where the best is

the parameter value that minimizes the sum of the er-

rors squared. The parameters are assumed to be un-

known and time-invariant. Consider the linear observa-

tion modeled as

Yj =HjX +Wj (1)

where Yj is the jth observation j, Hj is known for

observation j, X is fixed and unknown, and Wj » (0,Rj)
is the error in the jth observation. For the expression in

(1), an estimate of X may be obtained by minimizing

the cost function for a least squares estimator (LSE) that

is defined for independent observations as

C(X) = (Y¡HX)TR¡1(Y¡HX)
where

H = [H1 H2 ¢ ¢ ¢HN]T (2)

Y = [Y1 Y2 ¢ ¢ ¢YN]T (3)

W = [W1 W2 ¢ ¢ ¢WN]T (4)

R = E[WWT] =

266664
R1 0 ¢ ¢ ¢ 0

0 R2 ¢ ¢ ¢ 0

...
...

. . . 0

0 0 ¢ ¢ ¢ RN

377775 : (5)

The cost is minimized by taking the partial derivative

with respect X and setting the result equal to zero.

Rearranging terms to solve for the estimate of X gives

X̂ = (HTR¡1H)¡1HTR¡1Y (6)

and the covariance of X̂ is given by [21]

COV(X̂) = (HTR¡1H)¡1: (7)

For Gaussian errors Wj , X̂ is the maximum likelihood

and minimum mean squared error (MMSE) estimate

of X.

2.2. Kalman Filter

A Kalman filter is often employed to filter the kine-

matic measurements for estimating the position, veloc-

ity, and acceleration of a target [1]. The kinematic model

commonly assumed for a target in track is given by

Xk+1 = FkXk +Gkºk (8)

where ºk »N(0,Qk) is the process noise that models
the unknown target acceleration and Fk defines the

linear dynamics. The target state vector Xk contains the

position, velocity, and possibly acceleration of the target

at time tk, as well as other variables used to model

the time-varying acceleration. For this paper, Xk will

include position and velocity. The linear measurement

model is given by

Yk =HkXk +wk (9)

where Yk is typically the measurement of the position

of the target and wk »N(0,Rk) is the observation error.
Both wk and ºk are assumed to be independent “white”

noise processes. When designing the Kalman filter, Qk
is selected such that the 65% to 95% confidence region

about zero contains the maximum acceleration level of

the target. However, when targets maneuver, the acceler-

ation changes in a deterministic manner. Thus, the white

noise assumption associated with ºk is often violated

and the filter develops a bias in the state estimates. If

a larger Qk is chosen, the bias in the state estimates

is less during a maneuver, but then Qk characterizes

poorly the target motion when the target is not maneu-

vering and the filter performance is far from optimal.

Furthermore, the error in modeling the two modes of

motion (i.e., nonmaneuvering and maneuvering) with a

single model and the error in the white noise assump-

tion for the process noise during maneuvers result in

an inaccurate state error covariance that cannot be used

reliably for performance prediction. While an Interact-

ing Multiple Model (IMM) estimator [1] can be used to

address this conflict, the primary focus of this work is

on the quick prediction of average tracking performance

and that performance serves as an optimistic guide for

track filtering performance of targets maneuvering in

the presence of data association errors. Given the mode

switching of an IMM estimator is not considered in this

work, the performance prediction algorithms presented

here can be viewed as an estimate of the upper bound

of the expected errors for an IMM estimator.

2.3. Alpha-Beta Filter

The alpha-beta filter is based on the assumption that

the target is moving with constant velocity plus zero-

mean, white Gaussian acceleration errors. In order to

simplify the example and permit analytical predictions
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of the filter performance, the motion of the target is

defined in a single coordinate and the measurements

are the positions of the target (i.e., a linear function of

the state). For the alpha-beta filter and nearly constant

velocity Kalman filter, the state and measurement equa-

tions of (8) and (9) are defined by

Xk = [xk _xk]
T (10)

Fk =

·
1 T

0 1

¸T
(11)

Gk =

24 1

2
p
3
T3=2

1

2
T3=2

0 T1=2

35 (12)

Hk = [1 0] (13)

where Rk = ¾
2
w is the variance of the measurement er-

rors in m2, T is the time interval between measure-

ments, Qk = ¾
2
º I2£2 is the process noise covariance ma-

trix with ¾2v T
¡1 denoting the variance of the “accelera-

tion” errors in m2=s4, and ¾2º denotes the power spectral

density (PSD). This process noise model corresponds

to the continuous white noise acceleration (CWNA)

model [1].

The steady-state form of the constant velocity filter

is used for analytical predictions of filter performance.

For a filter to achieve these steady-state conditions, the

error processes ºk and wk must be stationary and the

data rate must be constant. While these conditions are

seldom satisfied in practice, the steady-state form of the

filter can be used to predict average or expected tracking

performance. The alpha-beta filter is equivalent to the

Kalman filter in steady-state for this motion model. For

the alpha-beta filter, the steady-state gains that occur

after the transients associated with filter initialization

diminish are given by

Kk =

·
®

¯

T

¸T
(14)

where ® and ¯ are the optimal gains for the CWNA

model. As given in [1], the gains are computed by

¡ 2 =
¾2ºT

3

¾2w
(15)

¹=
1

3
+

r
1

12
+
4

¡ 2
(16)

®= ¯
p
¹ (17)

¯ =
12

6
¡
¹+

p
¹
¢
+1

(18)

where ¡ is known as the tracking maneuver index. The

steady-state error covariance of the alpha-beta filter [1],

[13] is given by

P
®¯

kjk = ¾
2
w

264 ®
¯

T

¯

T

¯(2®¡¯)
2(1¡®)T2

375 : (19)

A simple gain scheduling procedure for approximat-

ing the performance of a Kalman filter during initializa-

tion from [13] is given by (k = 0 for the first measure-

ment)

®k =max

½
2(2k+1)

(k+1)(k+2)
,®

¾
(20)

¯k =max

½
6

(k+1)(k+2)
,¯

¾
(21)

where ® and ¯ are the steady-state values and the initial

conditions are given by

X0j¡1 =
·
x0j¡1
_x0j¡1

¸
=

·
0

0

¸
: (22)

2.4. Performance Prediction for Single Sensor Tracking
of a Maneuvering Target

The covariance of the state estimate Xkjk is given by

Pkjk = E[(Xkjk ¡ X̄kjk)(Xkjk ¡ X̄kjk)T j Xk] (23)

where E[¢] denotes the expected value operator, and
X̄kjk = E[Xkjk]. When the estimator is unbiased and

E[Xkjk] = Xk, the true value, the covariance is a good
predictor of performance. However, when the estimator

is biased, the covariance is a poor predictor of perfor-

mance. When a target undergoes a deterministic maneu-

ver (i.e., a constant acceleration), the estimates are bi-

ased and the covariance matrix tends to be an optimistic

estimate of track filter performance since it does not re-

flect the bias. When a target undergoes no maneuver

(i.e., a zero acceleration), the covariance matrix tends

to also be a biased estimate of track filter performance,

because process noise is included in the filter for maneu-

ver response. Thus, in order to address both conditions

of the performance prediction, the mean-squared error

will be written in terms of a SNO covariance for no

maneuver and a bias or maneuver lag for the constant

acceleration maneuver.

Let

Bkjk = E[Xkjk j Xk]¡Xk = X̄kjk ¡Xk (24)

where Bkjk denotes the filter bias. Thus, mean squared
error (MSE) is given by

MSE = E[(Xkjk ¡Xk)(Xkjk ¡Xk)T j Xk]
= E[(Xkjk ¡ X̄kjk)(Xkjk ¡ X̄kjk)T

+2(Xkjk ¡ X̄kjk)(X̄kjk ¡Xk)T

+(X̄kjk ¡Xk)(X̄kjk ¡Xk)T j Xk]
= Pkjk +BkjkB

T
kjk: (25)

Consider the case of deterministic maneuvers of

either zero acceleration or constant acceleration, the

filter covariance is given by the SNO covariance when

the acceleration is zero and the SNO covariance plus the

bias error squared when the acceleration is a nonzero
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constant. Letting S
®¯
kjk denote the SNO covariance of

the alpha-beta filter and B
®¯
kjk denote the bias due to an

acceleration gives

E[(Xkjk ¡Xk)(Xkjk ¡Xk)T j Xk]
= S

®¯
kjk +B

®¯
kjk (B

®¯
kjk )

T: (26)

The SNO covariance and the bias are computed

by representing the alpha-beta filter as a linear, time-

invariant system with an input that can be expressed as

a deterministic signal (i.e., a constant acceleration rather

than zero-mean white process noise) with white noise

measurement errors. The input-output relationships be-

tween the measurements Yk and state estimate Xkjk can
be expressed as a linear system that is given by

Xkjk = F̄kXk¡1jk¡1 + ḠkYk
where

F̄k =

"
1¡® (1¡®)T
¡¯
T

1¡¯

#
(27)

Ḡk =

·
®

¯

T

¸T
: (28)

The error covariance of Xkjk that results from the SNO

(i.e., no target acceleration to produce bias) is given in

[13], [14], and [18] for arbitrary ® and ¯ to be

S
®¯

kjk =
¾2w

®(4¡ 2®¡¯)

2642®2 +¯(2¡ 3®)
¯

T
(2®¡¯)

¯

T
(2®¡¯) 2¯2

T2

375
(29)

where T is the time period between consecutive mea-

surements and ¾2w is the variance of measurement er-

rors. Since (29) includes only the sensor measurement

errors, it is referred to as the SNO covariance matrix.

For a maneuvering target, the bias or lag in the state

estimate for arbitrary ® and ¯ is given by

B
®¯

kjk =

2664 (1¡®)T
2

¯μ
®

¯
¡ 0:5

¶
T

3775Ak (30)

where Ak is the acceleration of the target in the co-

ordinate of interest at time tk. This is the steady-state

bias that results after the transient response of the fil-

ter has decayed (i.e., typically three or four measure-

ments) [20].

For an m-step (i.e., measurement intervals) ahead

prediction, the error covariance of the state estimate that

results from the measurement errors only is given in

[17] for an arbitrary ® and ¯ to be

S
®¯
k+mjk = F(m)S

®¯
kjkF(m)

T (31)

where

F(m) =

·
1 mT

0 1

¸
: (32)

Thus, for an m-step ahead prediction, the SNO covari-

ance is given by

S
®¯
k+mjk =

¾2w
®(4¡ 2®¡¯)

·
E11 E12

E12 E22

¸
(33)

where

E11 = 2®
2 +¯(2¡3®) +2m¯(2®¡¯)+2m2¯2

E12 =
¯

T
(2®¡¯+2m¯)

E22 =
2¯2

T2
:

For an m-step ahead prediction and a maneuvering

target, the bias or lag in the state estimate for arbitrary

® and ¯ is given by [17] and [18] as

B
®¯
k+mjk =

2664(1¡®+(®¡ 0:5¯)m+0:5¯m
2)
T2

¯

(®+(m¡0:5)¯)T
¯

3775Ak:
(34)

The RMSE in the position estimates of the alpha-

beta filter for an m-step ahead prediction is given by

RMSEp(m)

=

·
¾2w

®(4¡ 2®¡¯) (2®
2+¯(2¡ 3®)+2m¯(2®¡¯)+2m2¯2)

+(1¡®+(®¡ 0:5¯)m+0:5¯m2)2 T
4

¯2
A2k

¸1=2
: (35)

The RMSE in the velocity estimates can be ex-

pressed as

RMSEv(m)

=

·
2¾2w¯

2

®(4¡ 2®¡¯)T2 + ((®+(m¡ 0:5)¯)
T

¯
)2A2k

¸1=2
:

(36)

Note that while m in (31) through (36) is treated as

an integer, the results are valid for a fractional measure-

ment interval as well.

2.5. Track Fusion for N Independent Tracks

The fusion of N uncorrelated or independent tracks

can be formulated as a linear least-squares estimation

problem, where the sensor tracks are treated as observa-

tions with independent errors. For N independent tracks

with mean and covariance fXi
kjk,P

i
kjkgNi=1,

H = [IN IN ¢ ¢ ¢IN]T (37)

Y = [X1kjk X2kjk ¢ ¢ ¢XNkjk]T (38)
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R =

2666664
P1kjk 0 ¢ ¢ ¢ 0

0 P2kjk ¢ ¢ ¢ 0

...
...

. . . 0

0 0 ¢ ¢ ¢ PN
kjk

3777775 : (39)

The block diagonal form allows for the inversion of each
block individually. Thus, the fused track and covariance
is given by

Xkjk =

"
NX
i=1

(Pikjk)
¡1
#¡1" NX

i=1

(Pikjk)
¡1Xikjk

#
(40)

Pkjk =

"
NX
i=1

(Pikjk)
¡1
#¡1

: (41)

2.6. Track Fusion for Two Correlated Tracks

For two correlated tracks, the errors in the estimator
are correlated and the covariance is represented as

Rk = E[WkW
T
k ] =

"
P1kjk P12kjk

(P12kjk )
T P2kjk

#
: (42)

The inverse of this matrix is given by

R¡1k =

·
A11 A12

A21 A22

¸
(43)

where

A11 = [P
1
kjk ¡P12kjk (P2kjk)¡1(P12kjk )T]¡1

A12 =¡(P1kjk)¡1P12kjk £ [P2kjk ¡ (P12kjk )T(P1kjk)¡1P12kjk ]¡1

A21 =¡(P2kjk)¡1(P12kjk )T£ [P1kjk ¡P12kjk (P2kjk)¡1(P12kjk )T]¡1

A22 = [P
2
kjk ¡ (P12kjk )T(P1kjk)¡1P12kjk ]¡1:

Thus, the fused track is given by

Xkjk = [D1 +D2]
¡1fD1X1kjk +D2X2kjkg (44)

where

D1 = [I¡ (P2kjk)¡1(P12kjk )T]£ [P1kjk ¡P12kjk (P2kjk)¡1(P12kjk )T]¡1

D2 = [I¡ (P1kjk)¡1P12kjk ]£ [P2kjk ¡ (P12kjk )T(P1kjk)¡1P12kjk ]¡1:
Thus, the fusion of correlated tracks can be accom-

plished. However, analytical expressions are not easily
achieved for more than two tracks. Furthermore, calcu-
lation of the track correlation further complicates the
performance prediction process. For the case of mea-
surement level fusion, the performance prediction is
more appropriately matched by ignoring the correlation.

3. PREDICTING PERFORMANCE FOR A SINGLE
SENSOR

As a numerical example, a radar tracking system

with a 1 Hz measurement rate is considered. The radar

measurements are corrupted with zero-mean errors that

are Gaussian distributed and have standard deviations of

3 m, 1.1 mrad, and 1.1 mrad in range, azimuthal angle,

and vertical angle, respectively. An extended Kalman

filter is used for tracking and the filter gains are com-

puted with the standard equations. The process noise

power spectral density (PSD) of the tracking system is

q= 100 m2=s3 in each coordinate. This process noise

PSD is selected based on the maximum expected accel-

eration of the target [20], which is 40 m/s2. Selecting a

larger process noise PSD results in a smaller bias during

a maneuver and a state error covariance that is large (and

wrong) when the target is not maneuvering. Selecting a

smaller process noise PSD results in a larger bias during

a maneuver and a state error covariance that is too small

when the target is maneuvering.

Given the trajectory (i.e., position, velocity, and ac-

celeration) for sensor and target and prediction codes

configured with the same characterization of the track-

ing system described above, the SNO covariance and

bias can be computed. The sensor errors in the cross

range coordinate are dependent on range as reflected in

the computation of the tracking index. For range, the

tracking index is

¡r =

s
¾2v T

3

¾2r
(45)

where ¾r = 3 m. For cross range, the tracking index is

given by

¡crk =

s
¾2vT

3

r2k ¾
2
μ

(46)

where rk is the range from sensor to target at time tk
and ¾μ = 1:1 mrad. Using these tracking indices, mea-

surement variances, track rate, and number of measure-

ments, the gains and error covariance can be approxi-

mated for each coordinate in the sensor frame. In other

words, the SNO covariance and bias as well as the track

filter covariance are generated in the orthogonal coor-

dinates that are aligned with the sensor frame. Given rk,

the target acceleration at tk, the track rate, the number

of measurements used in the track, and independence

of the errors in each of the sensor coordinates, the pre-

dicted RMSE as a function of time can be computed

for each of the sensor coordinates using the results from

(35) and (36) for position and velocity, respectively. The

predicted RMSE that includes all coordinates is com-

puted by adding the mean squared error of all coordi-

nates before taking the square root.
The single sensor, single target scenario used in

this analytic computation of RMSE is shown in Fig. 1,
where only Sensor 1 is active. In this scenario, a tar-
get maneuvers with a near constant acceleration turn of
20 m/s2 between the intervals 242· tk · 261 s (Maneu-
ver 1) and 461· tk · 479 s (Maneuver 2), and a near
constant acceleration turn of 40 m/s2 between the inter-
val 961· tk · 977 s (Maneuver 3). The predicted per-
formance results for Sensor 1 are shown in Figs. 2 and
3 and compared with the average results from Monte
Carlo simulation with 50 runs. Note that predicted re-
sults match rather closely to those averages from the
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Fig. 1. Multiple sensor and single target scenario.

Monte Carlo simulations. The track filter covariance
was also used to predict the RMSE by taking the square

root of the sum of the diagonal elements of the covari-
ance matrix for position and velocity.
Comparing Figs. 4—5 highlights an additional im-

provement for modeling the filter settling time. Since
the prediction method is a function of the true target
acceleration, the response to maneuvers is assumed in-
stantaneous while in the simulations the response is

not instantaneous, and thus one expects the predicted
“jump” in RMSE during a maneuver to lead that of the
simulated results. Further, one expects the difference
between predicted and simulated results to be notice-
able when the acceleration in a given coordinate quickly
spikes up. Figure 4 illustrates the divergence for ma-
neuver 2 where the target acceleration in cross range
quickly spikes and then gradually tapers off. To model

the filter settling time, a moving average can be run on
the RMSE of the predicted results as shown in Fig. 5.
The moving average implemented gives the current pre-
dicted RMSE as an average of the current update and
the four previous updates. The number of updates cho-
sen for the moving average was selected based on the
expected filter settling time given the filter parameters
and update rate [20]. Note that all figures illustrating

predicted performance, with the exception of Fig. 4,
were generated using a moving average as part of the
prediction codes.

Figures 2—5 illustrate the inability of the track co-

variance to accurately predict filter performance. Dur-

ing steady-state tracking with no target maneuver, the

track covariance indicates that the position errors are

10% larger than simulation results. In addition, the track

covariance indicates that the position errors are signif-

icantly smaller than simulation results when the target

does maneuver. The same result holds true for velocity

as well. The performance prediction of errors in ve-

locity by the track filter covariance has significant er-

ror when the target is not maneuvering and this is due

to the closer coupling of the random acceleration error

modeled to velocity than position. Similarly, the pre-

dicted performance versus simulation results for Sen-

sor 2 are shown in Figs. 6 and 7. In this case, the

predicted errors also match quite well. However, as il-

lustrated in Fig. 8, we have not modeled the filter set-

ting time as accurately as we did with Sensor 1. In

the sensor coordinate frame for Sensor 2, the target ac-

celeration spikes negative before quickly tapering pos-

itive. In this case, the negative cross range acceleration

did not last long enough for the filter in the simula-

tions to settle. In addition, the quick tapering in the

opposite direction had the effect of reducing the max-

imum lag that was developing in negative cross range

coordinate.

4. PREDICTING PERFORMANCE FOR MULTISENSOR
TRACKING OF A MANEUVERING TARGET

A method for predicting the performance of a multi-

sensor system is developed in this section. The result
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Fig. 2. RMSE in position for Sensor 1.

Fig. 3. RMSE in velocity for Sensor 1.
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Fig. 4. RMSE during maneuver 2 for Sensor 1 with no moving average applied.

Fig. 5. RMSE during maneuver 2 for Sensor 1 with 5 sample moving average applied.
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Fig. 6. RMSE in position for Sensor 2.

Fig. 7. RMSE in velocity for Sensor 2.
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Fig. 8. RMSE during maneuver 2 for Sensor 2.

in (40) gives a direct relationship between the state

estimate Xkjk, and the tracks from sensor i, Xi
kjk. Now

consider a linear system of N independent track reports

of the same target from N sensors dispersed on an oblate

earth. Then,26666664

X1kjk

X2kjk
...

XN
kjk

37777775=
2666664
M1
k

M2
k

...

MN
k

3777775Xk +
2666664
M1
k L

1
k

M2
k L

2
k

...

MN
k L

N
k

3777775+
2666664
W1
k

W2
k

...

WN
k

3777775 (47)

where Xk is the unknown target state at time tk, M
i
k is

the rotation matrix of the state vector to sensor i that

is aligned with a common tracking frame, Lik is the

translation to sensor i from the common tracking frame

in that frame, and Wi
k is the error in the track estimate

from sensor i with covariance Pi
kjk. Assuming the errors

in the tracks are independent, then

Y =

2666664
X1
kjk

X2
kjk

...

XN
kjk

3777775¡
2666664
M1
k L

1
k

M2
k L

2
k

...
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k L

N
k

3777775 (48)

H = [M1
k M2

k ¢ ¢ ¢MN
k ] (49)

HTR¡1H = [(M1
k )
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k )
T ¢ ¢ ¢ (MN

k )
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(Mi
k )
T(Pikjk)

¡1Mi
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Substituting this result back into (40) yields the equation

for the least squares estimate of a fused track.

Xkjk =

"
NX
i=1

(Mi
k )
T(Pikjk)

¡1Mi
k

#¡1

£
"
NX
i=1

(Mi
k )
T(Pikjk)

¡1(Xikjk ¡Mi
kL
i
k)

#
: (51)

Given a set of measurements with a variable number

of Cartesian dimensions, a “coordinate pickoff” matrix

of ones and zeros can be applied to each Mi
k so that the

measurements for each sensor i are only a function of

the state in the cartesian coordinates of interest. This

method may be applied to a multiple sensor system that

includes sensors with an arbitrary combination of one,

two, or three dimensional cartesian measurements.
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Array face coordinates is a cartesian system with

origin at the sensor array face. In the native sensor

frame, some radars measure range (r) and two angles

commonly known as u and v. Since the errors in each

sensor coordinate are assumed to be independent, the

track covariance in orthogonal coordinates of the sensor

frame (e.g., array face coordinates) can be approximated

in a block diagonal form. The filter error covariance of

each coordinate can be approximated with the alpha-

beta filter covariance (19) with ¾2w representing the

variance of the measurement errors in either the range or

cross range coordinate. Thus, given the sensor location

and measurement rate, measurement error variance for

each coordinate, and process noise variance, the track

indices can be defined for the range coordinate and

the cross range coordinates. The error covariance for

a track estimate from a three dimensional sensor i is

represented as

Pikjk =

264 P
r
kjk 02£2 02£2
02£2 Pu

kjk 02£2
02£2 02£2 Pv

kjk

375 (52)

where it is assumed that the native measurement frame

of the sensor is range (r) and two angles (u and v)

and the covariance matrix for each coordinate is de-

rived from (19) with ¾2w denoting the variance of the

errors in either the range or cross range coordinates. The

covariance is defined in a Cartesian coordinate system

placed at the sensor with the axes aligned with the u

and v measurements and the range vector to the target.

The rotational transform and translation to sensor i, Mi
k

and Lik, includes the sensor-to-local transformation as

well as the transformation from sensor i to the common

tracking frame. Embedded in this transformation is a

rotation of the covariance in (52) into array face co-

ordinates. For a track that requires prediction for time

alignment before fusion, the standard covariance pre-

diction equations of the Kalman filter can be used to

compute the covariance for an m-step ahead prediction.

4.1. Bias of a Fused Track for a Deterministic
Maneuver

Consider

Xkjk ¡Xk = Pfkjk
"
NX
i=1

(Mi
k )
T(Pikjk)

¡1(Xikjk ¡Mi
kL
i
k)

#
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= P
f
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T(Pikjk)

¡1(Xikjk ¡Mi
kL
i
k ¡Mi

kXk)

#

= P
f
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"
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(Mi
k )
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(53)

where

P
f

kjk =

"
NX
i=1

(Mi
k )
T(Pikjk)

¡1Mi
k

#¡1
(54)

and Xik is the true target state in the coordinate frame of

sensor i. Taking the expected value and substituting an

estimate of the bias for the fused track as

B
f

kjk = E[Xkjk ¡Xk] = Pfkjk
"
NX
i=1

(Mi
k )
T(Pikjk)

¡1Bikjk

#
(55)

where Bi
kjk is the bias or maneuver lag in the track for

sensor i that results from a maneuvering target. Thus,

the biases and corresponding maneuver lags fuse with

a gain proportional to the inverse of the covariance

for the individual sensors. The bias of each coordinate

of the track can be approximated with the bias or

maneuver lag of the alpha-beta filter given by (30) with

Ak representing the acceleration of the target in either

the range or cross range coordinate for each sensor.

The ® and ¯ are those that result from the tracking

index. Thus, given the sensor location and measurement

rate, measurement error variance for each coordinate,

and process noise variance used for tracking in that

sensor, the tracking indices can be defined for the range

coordinate and the cross range coordinates. Thus, the

bias or maneuver lag for a track estimate from a three

dimensional sensor i is represented as

Bikjk =

2664
Brkjk

Bu
kjk

Bv
kjk

3775 (56)

where it is assumed the native measurement frame of

the sensor is range (r) and two angles (u and v) and the

bias vector for each coordinate is derived from (30) with

Ak denoting the acceleration of the target in the range

or cross range coordinates. The bias vector is defined

in a Cartesian coordinate system placed at the sensor

with the axes aligned with the u and v measurements

and the range vector to the target. For a track that

requires prediction for time alignment before fusion,

(34) can be used to compute the bias or maneuver

lag for an m-step ahead prediction and a maneuvering

target.

4.2. SNO Covariance for a Fused Track

Taking the expected value of (51) for X̄kjk = E[Xkjk]
gives

Xkjk ¡ X̄kjk = Pfkjk
"
NX
i=1

(Mi
k )
T(Pikjk)

¡1(Xikjk ¡ X̄ikjk)
#
:

(57)

Let the SNO covariance of the fused track be denoted as

S
f

kjk = E[(Xkjk ¡ X̄kjk)(Xkjk ¡ X̄kjk)T]: (58)

Assuming sensor errors in the sensor tracks are indepen-

dent and taking the expected value, the SNO covariance

PERFORMANCE PREDICTION OF MULTISENSOR TRACKING SYSTEMS FOR SINGLE MANEUVERING TARGETS 39



of a fused track is approximately by

S
f

kjk = P
f

kjk

"
NX
i=1

(Mi
k )
T(Pikjk)

¡1Sikjk(P
i
kjk)

¡1Mi
k

#
(P
f

kjk)
T

(59)

where Si
kjk is the SNO covariance for sensor i. Since

the errors in each sensor coordinate tend to be indepen-

dent, the SNO covariance in sensor coordinates can be

approximated in a block diagonal form. The SNO co-

variance of each coordinate can be approximated with

the SNO covariance of the alpha-beta filter (29) with

¾2w representing the variance of the measurement er-

rors in either the range or cross range coordinate for

each sensor. The ® and ¯ are those that results from

the tracking index. Thus, given the sensor location and

measurement rate, measurement error variance for each

coordinate, and process noise variance used for track-

ing in that sensor, the tracking index can be defined for

the range coordinate and the cross range coordinates.

The SNO covariance for a track estimate from a three

dimensional sensor i is represented as

Sikjk =

2664
Srkjk 02£2 02£2

02£2 Su
kjk 02£2

02£2 02£2 Sv
kjk

3775 (60)

where it is assumed the native measurement frame of

the sensor is range (r) and two angles (u and v) and the

sensor-noise only covariance matrix for each coordinate

is derived from (29) with ¾2w denoting the variance of the

errors in either the range or cross range coordinates. The

covariance is defined in a Cartesian coordinate system

placed at the sensor with the axes aligned with the u

and v measurements and the range vector to the target.

For a track that requires prediction for time alignment

before fusion, (33) can be used to compute the SNO

covariance for an m-step ahead prediction.

5. EXAMPLE OF MULTISENSOR TRACKING FOR A
MANEUVERING TARGET

As a numerical example of predicted performance

for multiple sensors, consider two independent systems

with a 1 Hz measurement rate. The radar measurements

are corrupted with zero-mean errors that are Gaus-

sian distributed and have standard deviations of 3 m,

1.1 mrad, and 1.1 mrad in range, azimuthal angle, and

vertical angle, respectively. The location of each sensor

is shown in Fig. 1. The multisensor tracking system is

measurement based with measurements from two un-

biased sensors shared over an ideal communications

link. Measurement-to-track association performs per-

fectly given this particular multisensor and single target

scenario. The composite tracker employs an extended

Kalman filter with nearly constant velocity and process

noise PSD of q= 100 m2=s3 in each coordinate. At each

scoring time, the RMSE of the filter state is computed

and averaged over all Monte Carlo runs.

The tracking system configuration in the prediction

codes is identical to that of the simulations. At each time

step in the prediction codes, we compute the steady state

error covariance for each sensor as shown in (54). The

magnitude of the diagonals for the actual filter track

covariance is also displayed in the plots to illustrate

the inability of the track filter covariance to accurately

predict track filter performance.

The predicted performance results for position and

velocity are compared in Figs. 9 and 10 respectively

to the results from Monte Carlo simulations with 25

runs. From these figures, it is evident the performance

prediction methods presented in this work are more ac-

curate than using the track filter covariance to predict

performance. These figures also illustrate the improve-

ment in tracking due to the geometric diversity of the

sensors. As predicted, the simulations show the bias due

to the maneuver lag is significantly reduced during ma-

neuvers one and two. Due to the short time of these

two maneuvers and the geometric diversity of the sen-

sors, the bias in position for maneuvers one and two is

insignificant.

Figures 9 and 10 also illustrate the inability of the

track filter covariance to predict performance. Consis-

tent with the single sensor case, the covariances in both

position and velocity are larger than simulation results

when the target is not maneuvering and smaller than

simulation results when the target is maneuvering. Fi-

nally, although it is noted the predicted performance

is slightly optimistic when compared to the simulated

results during periods the target is not maneuvering,

the predicted performance is still superior to the per-

formance as predicted by the track filter covariance.

Figures 11 and 12 compare the predicted perfor-

mance results from the single radar tracking example

in Section 3 to the predicted performance of two inde-

pendent radars fusing measurements for a single track.

During non maneuvering times, it is apparent from the

figures that a variance reduction benefit is obtained from

the measurement fusion. The bottom plot in Fig. 12

highlights the improvement in variance reduction for

the velocity.

Given a set of circumstances whereby it is known

generally where a threat will be launched and what area

protection is required, the performance prediction meth-

ods presented in this work can be used with predicted

trajectories and a desired level of performance to de-

termine optimal placement of sensor resources. Further,

this method easily extends to any number of sensors and

therefore can be used to help determine the number of

sensors required to meet a desired level of performance.

6. CONCLUSIONS

Given the sensor location, target location and accel-

erations as a function of time, the sensor parameters,
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Fig. 9. RMSE in position for fused track from two sensors.

Fig. 10. RMSE in velocity for fused track from two sensors.
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Fig. 11. Predicted RMSE in position for a track from single radar versus a fused track from two radars.

Fig. 12. Predicted RMSE in velocity for a track from single radar versus a fused track from two radars.
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and the process noise covariance, it has been shown

that one can predict track filtering performance of a

multisensor system versus a maneuvering target. Since

data association errors are ignored, the predicted perfor-

mance should be considered as a lower bound for nearly

constant velocity tracking. However, the predicted per-

formance does not reflect the improvements in the track

filtering that is expected from the use of the IMM

estimator [1]. The predicted performance reflects that

expected from nearly constant velocity track filtering.

Variability between predicted and simulated results can

be attributed to more complex modeling in the Monte

Carlo simulation environment. While synchronized de-

tections have been assumed in performance prediction

methods, detections in simulations for multiple radars

do not have synchronized dwell times due to missed

detections. In addition, simulations have randomized

starting times and logic devoted to resource allocation.

Furthermore, complex simulations model performance

degrading effects related to off beam centered tracking

when targets enter regions near the radar field of view

limits. While the predicted results do an remarkable job

of capturing the effects of off-broadside tracking, the

same can not be said for modeling the effects of off-

beam center tracking. However, such conditions under

which predicted results diverge from simulated results

are understood and therefore, it is easy to detect and

display them with the predicted data. The availability

of this additional information allows for more accurate

interpretation of the predicted performance data. There-

fore, the predicted results offer a very reasonable con-

firmation of the simulated performance results and pro-

vide an analytical basis for use in real-time command

and control processes and system engineering.
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